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THE JACOBSON TOPOLOGY OF THE PRIMITIVE IDEAL
SPACE OF SELF-SIMILAR k-GRAPH C*-ALGEBRAS
HUI LI
Abstract. We describe the Jacobson topology of the primitive ideal
space of self-similar k-graph C*-algebras under certain conditions.
1. Self-similar k-graph C*-algebras
In this subsection, we recall the background of k-graph C*-algebras and
self-similar k-graph C*-algebras from [1, 7, 8, 9].
Definition 1.1. Let k be a positive integer. A countable small category Λ
is called a k-graph if there exists a functor d : Λ → Nk satisfying that for
µ ∈ Λ, p, q ∈ Nk with d(µ) = p + q, there exist unique α, β ∈ Λ such that
d(α) = p, d(β) = q, s(α) = r(β), µ = αβ. The functor d is called the degree
map. Moreover, a functor between two k-graphs is called a graph morphism
if it preserves the degree maps.
Notation 1.2. Let k be a positive integer. Define Ωk := {(p, q) ∈ N
k×Nk :
p ≤ q}; define Ω0k := {(p, p) : p ∈ N
k}; for (p, q), (q,m) ∈ Ωk, define
r(p, q) := (p, p); s(p, q) := (q, q); (p, q) · (q,m) := (p,m); d(p, q) := q − p.
Then Ωk is a k-graph.
Notation 1.3. Let Λ be a k-graph. For A,B ⊂ Λ, denote by AB := {µν :
µ ∈ A, ν ∈ B, s(µ) = r(ν)}. For p ∈ Nk, denote by Λp := d−1(p).
Definition 1.4. Let Λ be a k-graph. A graph morphism from Ωk to Λ is
called an infinite path. The set of all infinite paths of Λ is denoted by Λ∞.
Fix x ∈ Λ∞, n ∈ Nk, µ ∈ Λx(0, 0), (p, q) ∈ Ωk. Denote by σ
n(x), µx ∈ Λ∞
such that σn(x)(p, q) = x(p + n, q + n) and (µx)(0, d(µ) + n) = µx(0, n).
Moreover, x is said to be cofinal if for any v ∈ Λ0, there exists m ∈ Nk, such
that vΛx(m,m) 6= ∅.
Definition 1.5. Let Λ be a k-graph. Then Λ is said to be row-finite if
|vΛp| <∞ for all v ∈ Λ0 and p ∈ Nk. Λ is said to be source-free if vΛp 6= ∅
for all v ∈ Λ0 and p ∈ Nk.
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2Standing Assumptions: Throughout the rest of this paper, all k-graphs are
assumed to be row-finite and source-free.
Definition 1.6. Let Λ be a k-graph. Define the k-graph C*-algebra OΛ
to be the universal C*-algebra generated by a family of partial isometries
{sλ : λ ∈ Λ} (Cuntz-Krieger Λ-family) satisfying
(i) {sv}v∈Λ0 is a family of mutually orthogonal projections;
(ii) sµν = sµsν if s(µ) = r(ν);
(iii) s∗µsµ = ss(µ) for all µ ∈ Λ; and
(iv) sv =
∑
µ∈vΛp sµs
∗
µ for all v ∈ Λ
0, p ∈ Nk.
Definition 1.7. Let Λ be a k-graph. Let H be a subset of Λ0. Then H is
said to be hereditary and saturated if
(i) s(HΛ) ⊂ H;
(ii) for any v ∈ Λ0, if there exists p ∈ Nk satisfying s(vΛp) ⊂ H, then
v ∈ H.
For any subset A of Λ0, denote by
∑
A the smallest hereditary and saturated
set containing A. Let T be a nonempty subset of Λ0. Then T is called a
maximal tail if
(i) for any v ∈ T,w ∈ Λ0, we have wΛv 6= ∅ =⇒ w ∈ T ;
(ii) for any v ∈ T, p ∈ Nk, we have vΛpT 6= ∅;
(iii) for any v1, v2 ∈ T , there exists w ∈ T such that v1Λw, v2Λw 6= ∅.
Definition 1.8. Let Λ be a k-graph, let G be a countable discrete group
acting on Λ, and let | : G × Λ → G be a map. Then (G,Λ) is called a
self-similar k-graph if
(i) G · Λp ⊂ Λp for all p ∈ Nk;
(ii) s(g · µ) = g · s(µ) and r(g · µ) = g · r(µ) for all g ∈ G,µ ∈ Λ;
(iii) g · (µν) = (g · µ)(g|µ · ν) for all g ∈ G,µ, ν ∈ Λ with s(µ) = r(ν);
(iv) g|v = g for all g ∈ G, v ∈ Λ
0;
(v) g|µν = g|µ|ν for all g ∈ G,µ, ν ∈ Λ with s(µ) = r(ν);
(vi) 1G|µ = 1G for all µ ∈ Λ;
(vii) (gh)|µ = g|h·µh|µ for all g, h ∈ G,µ ∈ Λ.
Furthermore, (G,Λ) is said to be pseudo free if for any g ∈ G,µ ∈ Λ, g · µ =
µ, g|µ = 1G =⇒ g = 1G.
Definition 1.9. Let (G,Λ) be a self-similar k-graph. Define O†G,Λ to be
the universal unital C*-algebra generated by a Cuntz-Krieger Λ-family {sµ :
µ ∈ Λ} and a family of unitaries {ug : g ∈ G} satisfying
(i) ugh = uguh for all g, h ∈ G;
u_g s_mu (ii) ugsµ = sg·µug|µ for all g ∈ G,µ ∈ Λ.
DefineOG,Λ := span{sµugs
∗
ν : s(µ) = g·s(ν)}, which is called the self-similar
k-graph C*-algebra of (G,Λ).
Definition 1.10. Let (G,Λ) be a self-similar k-graph. For any µ, ν ∈ Λ, g ∈
G with s(µ) = g · s(ν), if µ(g · x) = νx for all x ∈ s(ν)Λ∞, then (µ, g, ν) is
3called a cycline triple. Define PerG,Λ := {d(µ) − d(ν) : (µ, g, ν) is a cycline
triple}. Cycline triples of the form (µ, 1G, ν) are simply called cycline pairs.
Define PerΛ := {d(µ) − d(ν) : (µ, 1G, ν) is a cycline pair}. Denote by M(Λ)
the set of all maximal tails of Λ, by Mγ(Λ) := {T ∈ M(Λ) : PerΛT = 0},
and by Mτ (Λ) := {T ∈M(Λ) : PerΛT 6= 0}.
Proposition 1.11. Let (G,Λ) be a pseudo free self-similar k-graph such
that g · v = v for all g ∈ G, v ∈ Λ0. Let T be a maximal tail of Λ. Then
(i) there exists a nonempty hereditary subset of HT of ΛT consisting
of v ∈ T satisfying for any p, q ∈ Nk with p − q ∈ PerΛT , for any
µ ∈ vΛpT , there exists a unique ν ∈ vΛqT such that (µ, 1G, ν) is a
cycline pair of (G,ΛT );
(ii) (G,ΛT ), (G,HTΛT ) are pseudo free self-similar k-graphs;
(iii) if every cycline triple of (G,ΛT ) is a cycline pair of (G,ΛT ), then
every cycline triple of (G,HTΛT ) is a cycline pair of (G,HTΛT )
and PerG,HTΛT = PerHTΛT = PerG,ΛT = PerΛT is a subgroup of
Z
k.
characterization of prim ideal of O_G,Lambda Theorem 1.12. Let (G,Λ) be a pseudo free self-similar k-graph satisfying
(i) g · v = v for all g ∈ G, v ∈ Λ0;
(ii) every cycline triple of (G,ΛT ) is a cycline pair of (G,ΛT ) for any
maximal tail T of Λ.
Then there exists a bijection from ∐T∈M(Λ){T} × P̂erΛT onto Prim(OG,Λ).
For any maximal tail T of Λ and for any f ∈ P̂erΛT , denote by IT,f the
image of (T, f). Find an arbitrary cofinal infinite path of ΛT and an ar-
bitrary f˜ ∈ Zk extending f , denote by [x] := {y ∈ (ΛT )∞ : ∃ p, q ∈
N
k, g ∈ G, s.t. σp(x) = g · σq(y)}. Then there is an irreducible represen-
tation pi
f˜ ,x
: OG,Λ → B(l
2([x])) such that for any µ ∈ Λ, g ∈ G, y ∈ [x], we
have pi
f˜ ,x
(sµ)δy =
{
f˜(d(µ))δµy if s(µ) = y(0, 0)
0 otherwise
, pi(ug)δy = δg·y. More-
over, IT,f = ker(pif˜ ,x). In particular, sv ∈ IT,f if and only if v /∈ T .
2. The Jacobson Topology
In this section, we describe the Jacobson topology of the primitive ideal
space of self-similar k-graph C*-algebras under certain conditions. Our ap-
proach is inspired by [5] and [2].
Jacob top Theorem 2.1. Let (G,Λ) be a pseudo free self-similar k-graph satisfying
sss (i) g · v = v for all g ∈ G, v ∈ Λ0;
(ii) every cycline triple of (G,ΛT ) is a cycline pair of (G,ΛT ) for any
maximal tail T of Λ;
(iii) for any T ∈Mτ (Λ),HTΛT is strongly connected;
4(iv) for any maximal tail T of Λ and for any f ∈ P̂erG,ΛT , IT,f is the
closed two-sided ideal of OG,Λ generated by {sv}v/∈T and {sµ −
f(d(µ)− d(ν))sν : (µ, 1G, ν) is a cycline pair of (G,HTΛT )}.
LetW be a nonempty subset of Mγ(Λ), let Y be a nonempty subset ofMτ (Λ),
let D(T ) be a nonempty subset of P̂erG,ΛT for each T ∈ Y , let S0 ∈Mγ(Λ),
let T0 ∈Mτ (Λ), and let f0 ∈ P̂erG,ΛT0 . Then
S in W (i) IS0,1 ∈ {IS,1 : S ∈W} if and only if S0 ⊂
⋃
S∈W S;
T in W (ii) IT0,f0 ∈ {IS,1 : S ∈W} if and only if T0 ⊂
⋃
S∈W S;
S in Y (iii) IS0,1 ∈ {IT,f : T ∈ Y, f ∈ D(T )} if and only if S0 ⊂
⋃
T∈Y T ;
T in Y (iv) IT0,f0 ∈ {IT,f : T ∈ Y, f ∈ D(T )} if and only if either there exists
T0 6= T ∈ Y such that T0 ⊂ T or there exist no T0 6= T ∈ Y such
that T0 ⊂ T ,T0 ∈ Y , f0 ∈ D(T0).
Proof. (1). By [10, Definition A.19], IS0,1 ∈ {IS,1 : S ∈W} if and only if⋂
S∈W IS,1 ⊂ IS0,1. By [9, Corollary 5.6], IS0,1 = I(Λ
0 \ S0) which is the
closed two-sided ideal of OG,Λ generated by {sv}v/∈S0 . By [9, Lemma 4.3,
Theorem 4.5],
⋂
S∈W IS,1 = I(Λ
0 \
⋃
S∈W S). So
⋂
S∈W IS,1 ⊂ IS0,1 if and
only if S0 ⊂
⋃
S∈W S.
(2). IT0,f0 ∈ {IS,1 : S ∈W} if and only if I(Λ
0 \
⋃
S∈W S) ⊂ IT0,f0 . Sup-
pose that I(Λ0 \
⋃
S∈W S) ⊂ IT0,f0 . By Theorem 1.12, T0 ⊂
⋃
S∈W S. Con-
versely, suppose that T0 ⊂
⋃
S∈W S. Then I(Λ
0 \
⋃
S∈W S) ⊂ I(Λ
0 \T0). By
the fourth assumption of this theorem I(Λ0 \
⋃
S∈W S) ⊂ IT0,f0 .
(3). IS0,1 ∈ {IT,f : T ∈ Y, f ∈ D(T )} if and only if
⋂
T∈Y,f∈D(T ) IT,f ⊂
IS0,1.
Suppose that
⋂
T∈Y,f∈D(T ) IT,f ⊂ IS0,1. By the fourth assumption of this
theorem I(Λ0 \
⋃
T∈Y T ) =
⋂
T∈Y I(Λ
0 \ T ) ⊂ IS0,1. By Theorem 1.12,
Λ0 \
⋃
T∈Y T ⊂ Λ
0 \ S0. So S0 ⊂
⋃
T∈Y T .
Conversely, suppose that S0 ⊂
⋃
T∈Y T . Denote by pi : OG,Λ → OG,Λ/I(Λ
0
\S0) ∼= OG,ΛS0 the quotient map. In order to show that
⋂
T∈Y,f∈D(T ) IT,f ⊂
IS0,1, we only need to prove that pi(
⋂
T∈Y,f∈D(T ) IT,f ) = 0. Fix v0 ∈ S0.
Suppose that pi(sv0) ∈ pi(
⋂
T∈Y,f∈D(T ) IT,f ), for a contradiction. Then there
exists a ∈ I(Λ0 \ S0) such that sv0 − a ∈
⋂
T∈Y,f∈D(T ) IT,f . So there exist
{µi, νi}
n
i=1 ⊂ Λ(Λ
0 \ S0) and {gi}
n
i=1 ⊂ G such that ‖a −
∑n
i=1 sµiugis
∗
νi‖ <
1/2. Let p :=
∑n
i=1(d(µi) + d(νi)) +
∑k
i=1 ei. Since v0 ∈ S0 and S0 is a
maximal tail, there exists ξ ∈ v0Λ
pS0. Since S0 ⊂
⋃
T∈Y T , there exist
T1 ∈ Y, f1 ∈ D(T1) such that s(ξ) ∈ T1. Fix an arbitrary cofinal infinite
path x in ΛT1 and fix f˜1 ∈ Ẑ
k extending f1. Then there exists q ∈ N
k such
5that η ∈ s(ξ)Λx(q, q). We calculate that
‖pi
f˜1,x
(sv0 − a)‖ = ‖pif˜1,x(sv0 −
n∑
i=1
sµiugis
∗
νi) + pif˜1,x(
n∑
i=1
sµiugis
∗
νi − a)‖
≥ ‖pi
f˜1,x
(sv0 −
n∑
i=1
sµiugis
∗
νi)‖ − ‖pif˜1,x(
n∑
i=1
sµiugis
∗
νi − a)‖
> ‖pi
f˜1,x
(sv0 −
n∑
i=1
sµiugis
∗
νi)‖ − 1/2
≥ ‖pi
f˜1,x
(sv0 −
n∑
i=1
sµiugis
∗
νi)δξησq(x)‖ − 1/2
= ‖δξησq(x)‖ − 1/2
= 1/2.
On the other hand, sv0 − a ∈ IT1,f1 because sv0 − a ∈
⋂
T∈Y,f∈D(T ) IT,f . So
pi
f˜1,x
(sv0 − a) = 0, which is a contradiction. Hence pi(sv0) /∈ pi(
⋂
T∈Y,f∈D(T )
IT,f ). Denote by q : OG,ΛS0 → OG,ΛS0/pi(
⋂
T∈Y,f∈D(T ) IT,f ) the quotient
map. Then pi(sv)+pi(
⋂
T∈Y,f∈D(T ) IT,f ) 6= pi(
⋂
T∈Y,f∈D(T ) IT,f ) for all v ∈ S0.
Since S0 ∈Mγ(Λ), by [9, Theorem 3.19] q is injective. So pi(
⋂
T∈Y,f∈D(T ) IT,f ) =
0.
(4). IT0,f0 is in the closure of {IT,f : T ∈ Y, f ∈ D(T )} if and only if⋂
T∈Y,f∈D(T ) IT,f ⊂ IT0,f0 .
Suppose that
⋂
T∈Y,f∈D(T ) IT,f ⊂ IT0,f0 . By the fourth assumption of this
theorem, I(Λ0 \
⋃
T∈Y T ) =
⋂
T∈Y I(Λ
0 \ T ) ⊂ IT0,f0 . By Theorem 1.12,
T0 ⊂
⋃
T∈Y T . So HT0 ⊂
⋃
T∈Y T . We deduce that there exists T ∈ Y such
that T0 ⊂ T . Now we split into two cases.
Case 1. There exists T0 6= T ∈ Y such that T0 ⊂ T .
Case 2. There exist no T0 6= T ∈ Y such that T0 ⊂ T . Then T0 ∈ Y . By
[10, Proposition A.17], either
⋂
f∈D(T0)
IT0,f ⊂ IT0,f0 or
⋂
T0 6=T∈Y,f∈D(T )
IT,f ⊂
IT0,f0 . Suppose that
⋂
T0 6=T∈Y,f∈D(T )
IT,f ⊂ IT0,f0 , for a contradiction. By
the fourth assumption of this theorem, I(Λ0 \
⋃
T0 6=T∈Y
T ) ⊂ IT0,f0 . By
Theorem 1.12, T0 ⊂
⋃
T0 6=T∈Y
T . So HT0 ⊂
⋃
T0 6=T∈Y
T . We deduce that
there exists T0 6= T ∈ Y such that T0 ⊂ T , which is a contradiction. Hence⋂
f∈D(T0)
IT0,f ⊂ IT0,f0 . By [9, Corollary 5.6], f0 ∈ D(T0).
Conversely, suppose that there exists T0 6= T ∈ Y such that T0 ⊂ T .
Then HT ∩ T0 = ∅. So Λ
0 \ T,HT ⊂ Λ
0 \ T0. By the fourth assumption of
this theorem, IT,f ⊂ IT0,f0 .
Finally, suppose that there exist no T0 6= T ∈ Y such that T0 ⊂ T ,
T0 ∈ Y , f0 ∈ D(T0). By [9, Corollary 5.6],
⋂
f∈D(T0)
IT0,f ⊂ IT0,f0 . So⋂
T∈Y,f∈D(T ) IT,f ⊂ IT0,f0 .
6prim ideal 1-graph Proposition 2.2. Let (G,Λ) be a pseudo free self-similar 1-graph satisfy-
ing the first two conditions of Theorem 2.1. Then the third and the fourth
assumptions of Theorem 2.1 automatically hold.
Proof. Pointed on [5, Page 49], for any T ∈ Mτ (Λ),HT is the vertices of
the unique cycle without entrances of ΛT . So HTΛT is the unique cycle
without entrances of ΛT , which is strongly connected.
Now we verify the fourth assumption of Theorem 2.1 holds. Fix T ∈
Mτ (Λ), fix f ∈ P̂erG,ΛT . We consider the quotient OG,ΛT ∼= OG,Λ/I(Λ
0 \
T ) and we regard IT,f , I(HT ) as the closed two-sided ideals of OG,ΛT . It
suffices to show that IT,f is the closed two-sided ideal of OG,ΛT generated by
{sµ − f(d(µ) − d(ν))sν : (µ, 1G, ν) is a cycline pair of (G,HTΛT )}. Denote
by JT,f the closed two-sided ideal of OG,ΛT generated by {sµ − f(d(µ) −
d(ν))sν : (µ, 1G, ν) is a cycline pair of (G,HTΛT )}. As in the proof of [9,
Proposition 5.4], JT,f ⊂ IT,f . Denote by q : OG,ΛT /JT,f → OG,ΛT /IT,f the
quotient map. We may assume that HT = {v0} and that HTΛ
1T = {e0}
(This is to simplify the notation, when HT has multiple vertices then the
proof shares the similar argument).
Define A† to be the universal C*-algebra generated by a family of par-
tial isometries {se}e∈Λ1T\{e0}, a family of mutually orthogonal projections
{sv}v∈T , and a family of unitaries {ug}g∈G, satisfying
(i) s∗ese = ss(e) for all e ∈ Λ
1T \ {e0};
(ii) sv =
∑
e∈Λ1T ses
∗
e for all v0 6= v ∈ T ;
(iii) ugh = uguh for all g, h ∈ G;
(iv) ugse = sg·eug|e for all g ∈ G, e ∈ Λ
1T \ {e0};
(v) ugsv = svug for all g ∈ G, v ∈ T .
Define A := span{sµugs
∗
ν : µ, ν ∈ ΛT \ Λe0, g ∈ G}. It is straightfor-
ward to see that there exists a natural surjective homomorphism ρ : A →
OG,ΛT /JT,f .
Define E0 := T ∐ {vn}
∞
n=1; define E
1 := Λ1T \ {e0} ∐ {en}
∞
n=1; define
rE : E
1 → E0 by rE |Λ1 := r and by rE(en) := vn−1 for all n ≥ 1; and
define sE : E
1 → E0 by sE|Λ1 := s and by sE(en) := vn for all n ≥ 1. For
g ∈ G,n ≥ 1, define g · en := en; define g · vn := vn; define g|en := g; and
define g|vn := g. By [3, Proposition 2.1], (G,E) is a pseudo-free self-similar
1-graph. Let P :=
∑
v∈T sv which is a projection of M(OG,E). It is easy
to check that POG,EP is a full corner of OG,E. By [4, Theorem 3.2], there
exists a natural isomorphism ι : A → POG,EP .
Take an arbitrary nondegenerate injective representation pi : OG,ΛT /IT,f →
B(H). Define ϕ := pi ◦ q ◦ ρ ◦ ι−1. Since (G,E) is aperiodic, by [10, Propo-
sition 2.66] and by [9, Theorem 3.19] the induced representation Ind − ϕ
is injective on OG,E . So ϕ is injective. Hence q is injective. Therefore
IT,f = JT,f .
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